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Abstract. Supernovae and cooling neutron stars have long been used to constrain the prop-
erties of axions, such as their mass and interactions with nucleons and other Standard Model
particles. We investigate the prospects of using neutron star mergers as a similar location
where axions can be probed in the future. We examine the impact axions would have on
mergers, considering both the possibility that they free-stream through the dense nuclear
matter and the case where they are trapped. We calculate the mean free path of axions in
merger conditions, and find that they would free-stream through the merger in all thermo-
dynamic conditions. In contrast to previous calculations, we integrate over the entire phase
space while using a relativistic treatment of the nucleons, assuming the matrix element is
momentum-independent. In particular, we use a relativistic mean field theory to describe the
nucleons, taking into account the precipitous decrease in the effective mass of the nucleons as
density increases above nuclear saturation density. We find that within current constraints
on the axion-neutron coupling, axions could cool nuclear matter on timescales relevant to
neutron star mergers. Our results may be regarded as first steps aimed at understanding how
axions affect merger simulations and potentially interface with observations.
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1 Introduction
The growing importance of hidden sectors populated by low-mass particles has led to a re-
newed interest in astrophysical probes of such species. Traditionally supernovae have served
as important laboratories where light species (such as axions and axion-like particles, ALPs)
can be gainfully constrained (we refer to [1] for a recent status of this frontier, and [2] for a
classic review).
Our purpose in this paper is to ask the following question: can the growing data for
neutron star mergers be leveraged as a similar location where ALPs, and perhaps light hidden
species more generally, can be probed in the future? More concretely, we take the first steps
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to initiate a program aimed at understanding how ALPs may affect merger simulations and
interface with observations.
The detection of gravitational waves from the binary neutron star merger event GW170817
by the LIGO/Virgo collaboration, and the observation of correlated electromagnetic signals,
has ushered in the era of multi-messenger astronomy [3].
Simulations using numerical relativity of equal and unequal mass binaries for several
equations of state have shown that if the total mass of the system is not too large, the
merger could produce a remnant neutron star that lives anywhere from tens of milliseconds
to tens of seconds, perhaps more [4, 5]. In addition, Gill et. al used properties of the kilonova
and the delay time between the arrival of the gravitational wave signal and the gamma ray
burst to conjecture that GW170817 lead to a hypermassive neutron star that survived for
approximately one second [6]. Several studies have focused on the internal structure of the
hypermassive neutron star and its temperature and density distributions. We refer to [7] for
a recent review of these topics.
The simulation of merging compact objects is a highly complex subject that incorporates
nuclear reactions, magnetohydrodynamics, a hot nuclear equation of state (EoS), and the
effects of general relativity [8–12]. In addition, a critical role is played by neutrino transport,
which determines properties of the ejected material such as their brightness and color. The
internal region of the hypermassive neutron star can reach densities of several times nuclear-
matter saturation density and temperatures of order tens of MeV. Increasingly sophisticated
simulations are investigating the evolution of this system and its post-merger history, which
depends on the mass, EoS, and the strength of the magnetic fields [5, 13–15].
The addition of new physics in the form of axions or ALPs will have important conse-
quences on all aspects of the physics of neutron star mergers. While incorporating the full
effect of ALPs in merger simulations is clearly a difficult problem, a preliminary effort has
been made by Dietrich and Clough [16]. They model axion cooling of a merger by using
standard axion emissivity expressions from Brinkmann and Turner [17] in nuclear matter in
both the non-degenerate and degenerate regimes.
To determine the role of axions in neutron star mergers, we consider a couple of pos-
sibilities. If axions have a long mean free path (MFP) compared to the size of the merger
(20-30 kilometers in diameter [5, 18]), then they free-stream through the nuclear matter, tak-
ing energy away from the merger which results in cooling. On the other hand, if axions have
a relatively short mean free path they would contribute to transport inside the merger.
To calculate the mean free path we first discuss the production (or absorption) of ALPs
(with field operator a) via bremsstrahlung from neutrons (with field operator ψn). The rele-
vant coupling term in the Lagrangian is L = Gan(∂µa) ψ¯nγµγ5ψn. The standard calculations
of axion mean free paths and emissivities rely on the Fermi surface (FS) approximation: we
propose an improvement to the Fermi surface approximation which extends its validity to
semi-degenerate nuclear matter. Our main result is a calculation of the axion emissivity and
mean free path, where the only approximation is the assumption of a momentum-independent
matrix element for the neutron bremsstrahlung process. We keep the relativistic energy dis-
persion of the neutrons and we keep the axion momentum in the energy-momentum conserving
delta function. The full phase space integration is valid for degenerate neutrons as well as
non-degenerate neutrons. We then discuss the ALP-transparent regime (where the axion
mean free path is comparable to or larger than the system size) and ALP-trapped regime
of the merger (where the axion mean free path is much less than the system size). For the
former, the temperature of fluid elements radiating ALPs as a function of time is computed
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and the characteristic cooling times are obtained in Figs. 4 and 5. In the trapped regime, the
timescale of thermal equilibration for a fluid element to transfer heat to its neighboring fluid
elements is computed. The results are depicted in Fig. 6.
Throughout our work, we show the constraints coming from SN1987A on the axion-
neutron coupling constant Gan [2, 19–25] and discuss the interplay of our results with those
coming from supernova physics. The limit obtained by SN1987A alone cannot rule out a very
strong coupling between axions and neutrons, such that axions would be trapped within the
supernova. However, strong couplings are ruled out by cosmological arguments (see [26] for
a review). Since supernova bounds can vary considerably depending on the details of the
core-collapse simulations (we refer to [27] for a recent critical assessment), our approach is
to treat the SN1987A constraint (Gan . 7.9 × 10−10 GeV−1) loosely, and thus we examine
a range of axion-neutron couplings that extends somewhat above the upper bound, down to
significantly below the upper bound.
We note that there has been substantial recent work in related directions, mainly focused
on the mass regime of the QCD axion where its Compton wavelength is comparable to the
binary star separation. Then, long-range axionic forces may be operational between neutron
stars [28–30]. This is an important direction independent of the one we are pursuing, and
holds the promise of probing axions using gravitational wave emission from neutron star
mergers, and perhaps associated electromagnetic signals as well.
The interplay of the post-merger history with the gravitational wave signal is an active
area of study [6] and is also relevant to the axion mass regimes we explore, albeit somewhat
indirectly. Our approach is to consider the emission of ALPs by bremsstrahlung; indeed, if
the viscous dissipation and energy transport properties of the merger product are relevant
on time scales of order 10ms, these properties can leave imprints on the gravitational wave
signal. Conversely, the gravitational wave signals can be used to illuminate these properties
[31]. Thus, the careful treatment of ALPs in the merger environment which we initiate here
may ultimately also lead to correlated gravitational wave and electromagnetic signals.
We work in natural units, where ~ = c = kB = 1.
2 Axion production in nuclear matter
Axions are proposed to couple to neutrons with the interaction term L = Gan∂µaψ¯nγµγ5ψn
[17]. A neutron by itself cannot emit an axion because of energy-momentum conservation,
so a spectator nucleon is required to donate energy/momentum to the processes to allow it
to proceed. The strong interaction between the spectator nucleon and the nucleon emitting
the axion (throughout this paper, we assume that both nucleons are neutrons) is modeled by
one-pion exchange (OPE) [32] with Lagrangian Lnpi = i(2mn/mpi)fγ5pi0ψ¯nψn, where f ≈ 1.
The neutron and pion masses here are their respective masses in vacuum. Thus, axions can
be created and absorbed by the neutron bremsstrahlung process n + n ↔ n + n + a. This
process is described at tree level by eight Feynman diagrams (see Fig. 4 of Ref. [17]), giving
rise to the matrix element (derived in the appendix of [17])
S
∑
spins
|M|2 = 256
3
f4m4nG
2
an
m4pi
[
k4
(k2 +m2pi)
2 +
l4
(l2 +m2pi)
2 +
k2l2 − 3 (k · l)2
(k2 +m2pi) (l
2 +m2pi)
]
, (2.1)
where k and l are three-momentum transfers k = p2 − p4 and l = p2 − p3. The symmetry
factor for these diagrams is S = 1/4, due to the presence of two identical particles in both
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the initial and final states. As above, the prefactors of the neutron mass mn and pion mass
mpi correspond to respective masses in vacuum, since they arise from the definitions of the
couplings in the pion-neutron Lagrangian shown above. The dot product term in the matrix
element is often written as β ≡ 3〈(kˆ · lˆ)2〉, where the brackets denote an average over phase
space, which is a common technique to simplify the matrix element [17].
For a QCD axion, the axion mass ma is related to the axion-neutron coupling strength
Gan through1
ma = 1.2× 107 eV
(
Gan
GeV−1
)
(2.2)
Given current constraints on the axion-neutron coupling, the mass of the QCD axion must
be well below 1 eV, which is much less than the typical momentum scales of order 100 MeV
in neutron stars, thus we treat all ALPs as ultrarelativistic particles in our calculations.
We model the nuclear matter inside a neutron star with the NLρ EoS [34], which is
a relativistic mean field theory where nucleons interact by exchanging mesons, namely, the
scalar σ meson and the ω and ρ vector mesons. This EoS supports a 2M neutron star and has
a pressure consistent with GW170817 and NICER data (see [35] for posterior distributions of
the pressure at 0.5, 1, 2, 3 times nuclear saturation density). In the mean field approximation,
the neutron and proton behave like free particles with effective (Dirac) masses m∗ = m− gσσ
and with effective chemical potentials µ∗n = µn − Un and µ∗p = µp − Up, where Ui are the
nuclear mean fields
Un = gωω0 − 1
2
gρρ03 (2.3)
Up = gωω0 +
1
2
gρρ03. (2.4)
We use the relativistic definition of the chemical potentials µi and µ∗i , that is, they contain
the rest mass of the particle. The energy dispersion relations, modified by the presence of the
nuclear mean field, become
En =
√
p2 +m2∗ + Un (2.5)
Ep =
√
p2 +m2∗ + Up. (2.6)
Note that the ρ meson distinguishes the neutron from the proton by creating a difference in
mean field experienced by the neutron and proton.
The formalism for calculating the rate of a particle process in such a relativistic mean
field theory is detailed in [36], which uses parameter set I of the model in [34]. In the mean
free path and emissivity calculations, E∗ ≡√p2 +m2∗ should be used for the energies in the
matrix element and in the energy factors in the denominator, while E = E∗ + Un should be
used in the energy delta function and the Fermi-Dirac factors [36–38]
fi = (1 + e
(Ei−µn)/T )−1. (2.7)
Note that E − µn = E∗ − µ∗n.
In our calculations, we consider a lepton fraction of Yl = (nν + ne)/nB = 0.1, as this
is a typical value for the neutrino-trapped region of a neutron star merger [39] (though even
1This expression comes from Eq. (3.2) in [33], where fa is found in terms of Gan by matching the coefficients
of the axion-neutron interaction term in the Lagrangian (given in Sec. 1 of our paper and Eq. (3.6) in Ref. [33],
taking Cj ≈ 1.)
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Figure 1. Fugacities zi = e(µ
∗
i−m∗,i)/T of neutrons and protons in the NLρ EoS, with YL = 0.1. A
fugacity much larger than one indicates strongly degenerate particles, while a fugacity much smaller
than one indicates non-degenerate particles.
this might be an overestimate [40, 41]). In Fig. 1, we show the fugacities zi = e(µ
∗
i−m∗,i)/T
of neutrons and protons in this EoS at YL = 0.1. A fugacity much larger than one indicates
a strongly degenerate Fermi gas, while a fugacity much smaller than one indicates a highly
non-degenerate Fermi gas [42, 43]. Fig. 1 indicates that at nuclear saturation density n0,
the protons are nondegenerate for nearly all considered temperatures, while the neutrons
transition from degenerate to nondegenerate as the temperature goes above 50-60 MeV. At
7n0, both types of nucleons are degenerate for all considered temperatures.
3 Axion mean free path
The mean free path of an axion through nuclear matter depends on the temperature and
density of the nuclear matter, but also the axion energy. Often, we will consider axions with
energy ω ≈ 3T , called “thermal axions”, because this is the average energy of axions emitted
via n + n → n + n + a from a fluid element of temperature T [44]. In this section, we
will compute the mean free path of axions, specializing to the case ω = 3T , and categorize
thermodynamic conditions as either trapping axions or as allowing axions to free-stream. As
we are interested in neutron-star sized systems, we compare the mean free path to the system
size, which is 20-30 kilometers in diameter. If the mean free path of axions is less than 100
meters, we will consider them trapped, and if the mean free path is longer than 1 kilometer,
then we will consider them free streaming. These choices are somewhat arbitrary, and deserve
further study. Also, the intermediate region (mean free paths from 100m to 1 km) is difficult
to treat, as axions are neither trapped, forming a Bose sea, nor do they escape cleanly from
the nuclear matter.
The mean free path λ of an axion with energy ω, due to absorption via n+n+a→ n+n,
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is given by [20]
λ−1 =
∫
d3p1
(2pi)3
d3p2
(2pi)3
d3p3
(2pi)3
d3p4
(2pi)3
S
∑ |M|2
25E∗1E∗2E∗3E∗4ω
(3.1)
× (2pi)4 δ4(p1 + p2 − p3 − p4 + ω)f1f2(1− f3)(1− f4).
In the rest of this section, we will describe the results of calculating this MFP in various
approximations, leaving the details to the appendix.
3.1 Relativistic, arbitrary degeneracy
While at nuclear saturation density the nucleon effective mass is about 3/4 of its vacuum
value [45], at high baryon densities the nucleon effective mass decreases to only a few hun-
dred MeV, which is comparable to or even lower than the typical momentum values of the
nucleons participating in bremsstrahlung. For example, the NLρ EoS predicts a neutron
Dirac effective mass of 228MeV at a density of 7n0, where the neutron Fermi momentum is
604MeV. Thus, it is important to use the full dispersion relation [Eq. (2.5)] for the neutrons
in the MFP calculation at high densities. We are able to do the phase space integration while
using the relativistic neutron dispersion relation, provided we assume the matrix element is
momentum-independent (a common, though not always necessary, approximation assumed in
the literature by [17, 20, 46, 47]). The matrix element becomes independent of momentum if
we assume that the momentum transfer magnitudes k2 and l2 have some typical value k2typ.
Then the matrix element can be written as
S
∑
spins
|M|2 ≈ 256f
4m4nG
2
an
m4pi
(
1− β
3
)(
1 +
m2pi
k2typ
)−2
. (3.2)
The typical values of momentum transfer are ktyp ∼
√
3m∗T in the non-degenerate regime
and ktyp ∼ pFn in the degenerate regime. For temperatures and densities where the NLρ
EoS predicts degenerate neutrons, ktyp ∼ pFn takes values between 320-600 MeV, while where
the EoS predicts non-degenerate neutrons, ktyp ∼
√
3m∗T takes values between 375-470 MeV.
Thus the factor of
(
1 +m2pi/k
2
typ
)−2 ranges from 0.78 to 0.91. In the degenerate regime, β = 0,
while in the non-degenerate regime, β ≈ 1.0845 [17].
The momentum-independent matrix element can be pulled out of the phase space inte-
gral, and now the integral can be reduced to a 6-dimensional integral to be done numerically.
In addition to using the relativistic dispersion relation for neutrons, our calculation is also
novel in that it keeps the axion three-momentum in the momentum-conserving delta func-
tion. Finally, we emphasize that this approach to the mean free path integral is valid for
arbitrary neutron degeneracy, as we make no simplifications to the Fermi-Dirac factors. Our
final expression for the axion mean free path in the constant-matrix-element approximation
is given in Eq. (B.1), and the details of the calculation are given in Appendix B.1.
In Fig. 2 we show a contour plot of the axion mean free path [Eq. (B.1)]. We have
assumed the axion energy ω = 3T , and so Fig. 2 does not depict the MFP of a fixed-energy
axion, but of axions with progressively higher energies as the temperature increases. The solid
contours are the result of our constant-matrix-element approximation of the axion mean free
path, where we have chosen β = 0 for convenience. The MFP is inversely proportional to the
square of the unknown axion-neutron coupling constant, so we have chosen that coupling to
be equal to the upper bound set by SN1987A, thus Fig. 2 represents the smallest MFP allowed
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Figure 2. Axion mean free path (for axions with energy ω = 3T ) due to absorption via n+ n+ a→
n + n with an assumed axion-neutron coupling constant equal to the upper bound set by SN1987A.
The dashed contours correspond to the axion MFP calculated in the Fermi surface approximation,
while the solid contours use the constant matrix element approximation of the axion mean free path.
by SN1987A. First, we see that the axion MFP is longer than 1 km for all thermodynamic
conditions, indicating that axions will free-stream from the neutron star merger in which they
are created. Second, we see that the axion mean free path shrinks as matter becomes hotter
and denser. We see that at large neutron degeneracy (high density, low temperature), the
mean free path of a thermal axion (ω = 3T ) becomes relatively independent of density.
In Appendix B.2, we also present the phase space integral of the MFP while assuming
non-relativistic neutrons. In this case, the momentum dependence of the matrix element can
be retained, and it is left inside the integral. This calculation has been done before in the
literature, but we present a version of the calculation well adapted to a relativistic mean field
theory.
3.2 Fermi surface approximation (degenerate neutrons)
The most common approximation of the full mean free path integral Eq. (3.1) is to assume
the neutrons are strongly degenerate. As can be seen in Fig. 1, this assumption is valid at
high densities like 7n0 for all temperatures encountered in neutron star mergers, but also
even at lower densities like n0, provided the temperature is below about 50 MeV. We call
this approximation the “Fermi surface approximation” because in degenerate nuclear matter
only the particles near the Fermi surface can participate in any reactions. The concept of the
Fermi surface approximation is discussed in detail in [48] in the context of the Urca process.
The mean free path of an axion with energy ω due to (inverse) axion bremsstrahlung
has been calculated in the Fermi surface approximation in [44, 49], where they find
λ−1FS =
1
18pi5
f4G2anm
4
n
m4pi
pFnF (y)
ω2 + 4pi2T 2
1− e−ω/T , (3.3)
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where
F (y) = 4− 1
1 + y2
+
2y2√
1 + 2y2
arctan
(
1√
1 + 2y2
)
− 5y arcsin
(
1√
1 + y2
)
, (3.4)
with y = mpi/(2pFn). The derivation of this formula is sketched in Appendix B.3. The axion
MFP in the Fermi surface approximation is plotted in dotted lines in Fig. 2. We see from
Fig. 2 that in conditions that are not strongly degenerate, the Fermi surface approximation
significantly underestimates the mean free path compared to the constant-matrix-element
approximation.
The virtue of the Fermi surface approximation is that it allows the 15 dimensional phase
space integral to be done analytically. However, during the course of the calculation, the
lower endpoint of the integration over neutron energy (which comes from converting the phase
space integral into spherical coordinates and then turning the momentum magnitude integral
to an integral over energy - see Appendix B.3) is extended to minus infinity. Extending the
integration bounds this way is valid in degenerate nuclear matter, because it adds only an
exponentially small term [50]. However, as temperature increases, the extension of the integral
gives rise to a sizeable error. We propose here an improved Fermi surface approximation
calculation which keeps the energy bounded by Un+m∗ < En <∞. From there it is possible
to write the axion mean free path as a one dimensional integral
λ−1 =
4
3pi5
f4G2anm
4
n
ωm4pi
pFnF (y)T
3K1(yˆ, ω/T ), (3.5)
where
K1(yˆ, ω/T ) ≡
∫ ∞
−2yˆ
du
1
(1− eu)(1− e−u−ω/T ) (3.6)
× ln
{
cosh [(u+ yˆ + ω/T )/2]
cosh (yˆ/2)
}
ln
{
cosh (yˆ/2)
cosh [(u+ yˆ)/2]
}
,
and yˆ = (µ∗n − m∗)/T . The degeneracy parameter yˆ is just the logarithm of the neutron
fugacity yˆ = ln zn. This expression for the mean free path follows the Fermi surface approxi-
mation, but better treats the lower endpoint of integration over the neutron energies, where
the traditional treatment [50] becomes increasingly poor. The details are further explained in
Appendix B.3 and C, where we also include a curve-fit of K1(yˆ, ω/T ) which is valid as long
as the matter is relatively degenerate (zn > 1). Our expression Eq. (3.5) of course matches
the Fermi surface approximation (3.3) in the degenerate limit yˆ →∞.
We emphasize that this proposed expression improves the behavior of the FS approxima-
tion in semi-degenerate conditions, but is definitely not valid for non-degenerate conditions.
After all, this approximation still assumes that only neutrons on their Fermi surface partici-
pate in the process.
3.3 MFP dependence on the axion-neutron coupling
It is clear that if the axion-neutron coupling is less than or equal to the maximum value
SN1987A will allow, all thermodynamic conditions encountered in mergers will fail to trap
axions. However, if the axion-neutron coupling was larger, the hotter, denser regions of the
parameter space depicted in Fig. 2 would begin to trap axions. We depict this observation in
Fig. 3, using the constant-matrix-element approximation for the axion mean free path (and
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Figure 3. Axion mean free path (for axions with energy ω = 3T ) via n+n+ a→ n+n for densities
of 1n0 (a) and 7n0 (b). All couplings larger than the dotted blue line may be disallowed by the
observation of SN1987A. Thus, axions likely free-stream through neutron star mergers as their mean
free path is above several kilometers regardless of the density.
setting β = 0 in the constant matrix element, for simplicity.) We see that if the SN1987A
bound is robust, for allowed values of the coupling, the axion mean free path is always
comparable to or much bigger than the size of a neutron star and thus axions would free-stream
from the star or merger. However, if the SN1987A bounds are flexible due to uncertainties in
modeling supernovae as well as uncertainties in the nuclear EoS (as is suggested by [27, 51], see
also [52] for useful commentary), in the highest density and temperature conditions possibly
reached in mergers, axions would be trapped for couplings just 4 times the SN1987 bound.
However, we note that there are many other independent proposed upper bounds on the
axion-neutron coupling, coming from neutron star observations [46, 53–57], all within about
an order of magnitude in either direction of the SN1987A bound.
4 Axion-transparent matter
In the axion-transparent regime where the axion mean free path is comparable to or larger
than the system size, an axion created inside the merger by neutron bremsstrahlung would
escape, cooling down the merger. This is analogous to neutrino cooling [58, 59], which oc-
curs in nuclear matter at temperatures below 5 or 10 MeV, which is the regime where it is
transparent to neutrinos [38, 48, 60–62]. We study regions of the merger above temperatures
of 10 MeV, where neutrinos are trapped (and thus only cool via the relatively slow diffusion
process [63]) but axion emission could serve as an unexpected cooling mechanism.
We calculate the temperature of a fluid element radiating axions as a function of time,
and in particular, find the characteristic cooling time at which the temperature has halved.
We can write a differential equation for the temperature T as a function of time
dT
dt
= − Q
cV
, (4.1)
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where Q = dε / dt is the axion emissivity (the energy emitted in axions per volume per time)
and cV = dε / dT is the specific heat of the nuclear matter per unit volume. The specific heat
is dominated by neutrons, as they have the largest particle fraction in the neutron star and
thus the most possible low-energy excitations [31]. The specific heat2 is given by [64]
cV ≈ 1
3
mLpFnT, (4.2)
where mL is the Landau effective mass of the neutron, which is related to its density of states
at the Fermi surface [65, 66]
mL =
pFn
(dE / dp)|pFn
=
√
p2Fn +m
2∗. (4.3)
The axion emissivity is given by the phase space integral [17]
Q =
∫
d3p1
(2pi)3
d3p2
(2pi)3
d3p3
(2pi)3
d3p4
(2pi)3
d3ω
(2pi)3
S
∑ |M|2
25E∗1E∗2E∗3E∗4ω
ω (4.4)
× (2pi)4 δ4(p1 + p2 − p3 − p4 − ω)f1f2 (1− f3) (1− f4) .
In the rest of this section, we will discuss approximations of this axion emissivity phase space
integral (just as we did for the axion MFP) and then we use our results to calculate the
cooling time due to axion emission.
4.1 Relativistic, arbitrary degeneracy
Like the calculation of the axion MFP, the axion emissivity involves an integration over phase
space and we will make the same set of approximations we made for the MFP in Sec. 3.1.
Thus, assuming a momentum-independent matrix element Eq. (3.2) and using relativistic
dispersion relation Eq. (2.5) for the neutrons, we do the phase space integral [Eq. (4.4)]
and find that the axion emissivity can be reduced to a six-dimensional integral to be done
numerically. The expression [Eq. (A.15)] and its derivation are given in Appendix A.1. That
expression is valid for neutrons of arbitrary degeneracy.
In Appendix A.2, we also present the phase space integral of the axion emissivity while
assuming non-relativistic neutrons. In this case, the momentum-dependence of the matrix
element can be retained, and it is left inside the integral. This calculation has been done
before in the literature, but, as with the axion MFP integration, we present a version of the
calculation well-adapted to a relativistic mean field theory.
4.2 Fermi surface approximation (degenerate neutrons)
As in Sec. 3.2, the Fermi surface approximation can be applied to the axion emissivity if
the neutrons are strongly degenerate, as in that case only neutrons near the Fermi surface
will participate in the bremsstrahlung process. The calculation of the axion emissivity in
2Technically, we should not use the specific heat for a degenerate Fermi gas as we do here, but instead for a
Fermi gas at arbitrary degeneracy. However, for the thermodynamic conditions encountered here, these differ
by at most 14%, the greatest difference occurring at large temperature. Extending the traditional calculation
[64] to the case of neutrons described by a relativistic mean field theory, the specific heat of a neutron gas of
arbitrary degeneracy is cV = 2
∫
d3p
(2pi)3
(E∗−µ∗n) d(f(E
∗−µ∗n))
dT
= T
3
4pi2
∫∞
−yˆn dx
x2(x+(µ∗n/T ))
√
(x+(µ∗n/T ))2−(m∗/T )2
cosh (x/2)2
,
where yˆn ≡ (µ∗n −m∗)/T and we have assumed that m∗ and µ∗n do not depend on temperature.
– 10 –
this regime was done first by Iwamoto [67], and extended by [49, 68]. The Fermi surface
approximation for the axion emissivity is
QFS =
31
2835pi
f4G2anm
4
n
m4pi
pFnF (y)T
6, (4.5)
where F (y) is given in Eq. (3.4). The derivation of this formula is sketched in Appendix A.3.
As with the mean free path, discussed in Sec. 3.2, the Fermi surface approximation of
the emissivity extends the lower endpoint of integration of neutron energy down to −∞. We
propose an improvement to the FS approximation which keeps the neutron energy bounded
by m∗ + Un < En < ∞, at the cost of having an emissivity expression in terms of a two-
dimensional integral instead of an analytic expression like Eq. (4.5). The axion emissivity in
the improved FS approximation is
Q =
2
3pi7
f4G2anm
4
n
m4pi
pFnF (y)T
6K2(yˆ) (4.6)
where
K2(yˆ) =
∫ ∞
−2yˆ
du
1
1− eu ln
{
cosh (yˆ/2)
cosh [(u+ yˆ)/2]
}
(4.7)
×
∫ u+2yˆ
0
dw
w2
1− ew−u ln
{
cosh [(u+ yˆ − w)/2]
cosh (yˆ/2)
}
.
4.3 Radiative cooling time dependence on axion-neutron coupling
In the Fermi surface approximation, the differential equation (4.1) for T (t) can be solved
exactly (assuming the neutron Landau effective mass does not depend on temperature, which
is a reasonable approximation) and we find a fluid element that starts at temperature T0 cools
according to
T (t)−4 = T−40 +
124
945pi
f4G2anm
4
nF (y)
mLm4pi
t, (4.8)
and thus has cooling time (to reach half of its initial temperature)
τFS,1/2 ≈ 12s
(
mL
0.8mn
)
(
Gan
GSN1987A
)2
F (y)
(
T0
10 MeV
)4 . (4.9)
While there is no analytic result for the characteristic cooling time with our new ex-
pression for the emissivity Eq. (A.15), we can solve the differential equation numerically and
plot the characteristic cooling time as a function of density and temperature for a particu-
lar choice of axion-neutron coupling constant. In Fig. 4, we plot the radiative cooling time
due to axion emission, choosing the coupling constant to be the maximum value allowed by
SN1987A. The solid contours use the constant-matrix-element phase space integral for the
emissivity (with β = 0), while the dotted contours use the FS approximation. We see that
hotter and denser regions cool faster, because they emit axions at a higher rate. The solid
and dashed contours agree where the nuclear matter is strongly degenerate, which occurs
at high density and low temperature. This plot indicates that within the constraints set by
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Figure 4. Cooling time of nuclear matter due to radiating axions. Solid lines use the constant-
matrix-element approximation of the emissivity while dotted lines use the FS approximation. The
axion-neutron coupling is chosen to be the bound set by SN1987A.
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Figure 5. Radiative cooling time due to axion emission at densities of 1n0 (a) and 7n0 (b). All
couplings stronger than the dotted blue line are disallowed by the observation of SN1987A. Considering
couplings compatible with SN1987A, lower density regions cool somewhat slowly compared to merger
timescales, but higher density regions could cool on timescales relevant for mergers.
SN1987A, axions can cool fluid elements in timescales relevant to neutron star mergers. The
treatment of the axion emissivity via the full phase space integration limits (compared to the
FS approximation) the range of densities for which fast cooling can occur. In particular, hot
nuclear matter near saturation density has a significantly longer cooling time than predicted
by the FS approximation.
In Fig. 5, we plot the radiative cooling time at two different densities, as a function
of temperature and axion-neutron coupling. Radiative cooling is only relevant for thermo-
– 12 –
dynamic conditions where the axions have a mean free path longer than a few kilometers.
At 1n0, it is difficult to get substantial cooling on merger timescales, but at high densities
(7n0), cooling times can be under 10 ms, and definitely under 100 ms for a wide range of
temperatures.
It is worth comparing our calculation of the axion emissivity (Eq. A.15) to the expression
used by Dietrich & Clough [16], which was adapted from Brinkmann & Turner [17]. For a
particular EoS and a fixed value of the axion-neutron coupling, the expression for emissivity
derived in this paper can be as much as 3 times larger than the Dietrich & Clough result.
The difference at low temperatures is small, but grows at high temperature. This means that
our predicted cooling times for the hottest fluid elements in the merger will be up to a few
times shorter than those in the Dietrich & Clough result, for the same EoS and axion-neutron
coupling.
When comparing different nuclear equations of state, our results for the axion emissivity
change by under 70% for the few EoSs that we tried. This difference seems to come from the
different predictions for the neutron fugacity as a function of baryon density and temperature,
which arises from different values for the meson mean fields. In this work we consider only
nuclear matter consisting of neutrons, protons, electrons, and neutrinos. If we were to consider
exotic phases, like quark matter or hyperons, the axion emissivity might be quite different
from what we predict here. The same is of course true for the axion mean free path calculation
in the previous section.
5 Axion-trapped matter
Based on our results in Fig. 2, we do not expect axions to be trapped in any part of a neutron
star merger. However, we present the following analysis of trapped axions for completeness,
but also as an example of the contribution to thermal equilibration of the interior of a neutron
star due to a boson that interacts with neutrons.
If the mean free path of axions is much less than the system size, then the axions form a
Bose gas inside the neutron star merger. In this situation, the axions could transport energy
around the star, smoothing out temperature gradients, much like neutrinos do when they are
trapped. We calculate the timescale of thermal equilibration for a fluid element to transfer
heat to its neighboring fluid elements. From [31], a hot spot of volume z3 in the merger
has extra thermal energy (compared to its neighbors) Eth = cV z3∆T , and it conducts that
energy away through its boundaries at rate Wth = κ(∆T/z)6z2. Thus, the timescale for heat
conduction is
τκ = Eth/Wth =
cV z
2
6κ
. (5.1)
As discussed in Sec. 4, the specific heat cV is dominated by the neutrons, which have specific
heat cV = (1/3)mLpFnT . The thermal conductivity is the sum of the contributions κi =
(1/3)cViviλi from each particle species. The particles with both high density and long mean
free path (but still less than the system size) will dominate the thermal conductivity. We
consider here only stars with temperatures above 10 MeV, which mean that neutrinos will be
trapped and would traditionally dominate the thermal conductivity [31]. However, if the star
also traps axions, then axions could take over the role of energy transportation.
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The neutrinos have [63] thermal conductivity κν ≈ n2/3ν /(3G2Fm2Ln1/3e T ), which implies
that neutrinos re-establish thermal equilibrium between nearby fluid elements in time [31]
τν = 700 ms
(
0.1
xp
)1/3( mL
0.8mn
)3( µe
2µν
)2 ( z
1 km
)2( T
10 MeV
)2
. (5.2)
When two species contribute to thermal equilibration, their individual timescales add accord-
ing to τ−1κ = τ−1κa + τ
−1
κν . As we will see, the equilibration timescale due to axions is much
shorter (for the range of couplings we consider) than the timescale due to neutrinos, and so
for the rest of this discussion we assume axions are the only species contribution to thermal
equilibration and thus
τκ ≈ cVnz
2
6κa
. (5.3)
As the axions, when trapped, are a free Bose gas with zero chemical potential (they are
equilibrated by the reaction n + n + a ↔ n + n), they have energy density ε = (pi2/30)T 4
and thus specific heat per unit volume cV = (2pi2/15)T 3, and so their thermal conductivity
is κa = (2pi2/45)T 3λa. The axion conduction timescale is
τa =
5
4pi2
mLpFnz
2
T 2λ
, (5.4)
which in the Fermi surface approximation for the MFP, reduces to
τκ,a,FS ≈ 2.757f4G2anmLp2FnF (y)z2. (5.5)
Eq. (5.4) indicates that the longer the axion mean free path, the shorter the timescale for
thermal equilibration. However, if the mean free path is too long, then there is no heat
conduction due to axions.
To get an estimate for the thermal equilibration timescale, we consider the situation
where a neutron star merger has only gradual temperature gradients, occurring on at least
the 1 km scale. For example, the hot spherical shell observed in many simulations [7, 40, 69–
71] is 1-2 km thick. If this is the case, then neutrino conduction has no effect on a neutron
star merger, as heat conduction via neutrinos occurs on timescales greater than one second.
According to Fig. 6, at low axion-neutron couplings, the thermal equilibration due to
axion conduction would occur very quickly because of the long axion mean free path. However,
the mean free path is too long - bigger than the size of a neutron star - and so neighboring fluid
elements are unable to transfer heat to each other via axions. As the coupling gets strong
enough to trap axions, the thermal equilibration time is still fast enough to be relevant.
However, this only occurs at axion coupling constants more than an order of magnitude
higher than the limit set by SN1987A, which is why thermal equilibration of neutron star
mergers due to axions is unlikely.
6 Conclusion
We have analyzed the impact of axions on neutron stars mergers in the case that they are
trapped and in the case that they are free-streaming. As part of this effort, we calculated
the axion mean free path and emissivity due to the neutron bremsstrahlung process n+ n↔
n+n+a. In contrast to previous calculations, we integrated over the entire phase space while
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Figure 6. Thermal equilibration time due to axion conduction at a density of 1n0 (a) and 7n0 (b).
All couplings stronger than the dotted blue line are disallowed by the observation of SN1987A. The
red shaded region corresponds to couplings at which axions are not trapped, and so there is no axion
conduction between neighboring fluid elements.
using a relativistic treatment of the neutrons (although assuming the matrix element was
momentum-independent). In particular, we used a relativistic mean field theory to describe
the nucleons, which means that we took into account the precipitous decrease in the (Dirac)
effective mass of the nucleons as density increases above nuclear saturation density.
With our calculation of the axion mean free path, we were able to, for a given value of
the axion-neutron coupling, divide the thermodynamic parameter space {nB, T} into regions
where axions are trapped and where they are free-streaming (and of course, a difficult-to-treat
region in between where they are neither). We find that for axion-neutron couplings allowed
by SN1987A, axions have a long mean free path in all thermodynamic conditions encountered
in mergers (see Fig. 3), and thus we expect them to free-stream from a neutron star merger.
We examine the time it would take for a fluid element of nuclear matter in a merger
to cool to one half of its current temperature by radiating axions. The result is depicted in
Figs. 4 and 5. For allowed values of the axion-neutron coupling, we find that the hottest fluid
elements in a merger could cool in timescales less than 10 ms, which would have an impact
on the dynamics of a neutron star merger, in particular, reducing the thermal pressure of the
possible remnant [16] and changing the values of temperature-dependent transport properties
like bulk viscosity [31, 39, 72]. However, the radiative cooling time increases dramatically as
the axion-neutron coupling decreases.
Dietrich & Clough [16] ran simulations of neutron star mergers which included the effects
of cooling due to axion emission. They concluded that even though axion emission reduces
the temperature and, consequently, the lifetime of the remnant, as well as slightly increases
the density of the core, these effects would not modify the gravitational wave signal or the
amount of ejected material enough to be observable in the near future. In this paper, we find
that the axion cooling timescale for the hottest fluid elements in the merger could be reduced
by a factor of a few, for a fixed value of the axion-neutron coupling. In addition, we point out
that the changes to the density and temperature of the remnant resulting from the emission of
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axions could trigger phase transitions in the nuclear matter, or change the transport processes
acting in the remnant, which could themselves have observational consequences.
We also consider the possibility of axion trapping, where axion diffusion might serve
to thermally equilibrate the interior of a neutron star or merger. The timescales of thermal
equilibration are given in Fig. 6. The SN1987A bound rules out axion trapping, but we
present the analysis of thermal equilibration as it is potentially useful for the study of thermal
transport due to future proposed bosons in neutron stars.
Finally, in the appendix we present in detail our calculations of the axion mean free
path and emissivity. We first present the phase space integrals assuming relativistic neutrons
of arbitrary degeneracy but a momentum-independent matrix element. Then we present
the phase space integrals assuming non-relativistic neutrons of arbitrary degeneracy and a
momentum-dependent matrix element. Finally, we present the Fermi surface approximation,
which is valid for strongly degenerate neutrons, and we propose a better treatment of the
energy integration in that approximation which extends the usefulness of the Fermi surface
approximation to the semi-degenerate regime.
In our calculations, we have neglected the interaction of protons and axions, which should
further reduce the mean free path and increase the emissivity [17, 46, 49, 73, 74]. We have
also used a very simplistic neutron-neutron interaction (one pion exchange), improvements
to which have been discussed in [56, 73–76], which indicate that more sophisticated nuclear
interactions decrease the emissivity and increase the axion mean free path at high densities. In
addition, the axion mass and the axion-nucleon coupling may themselves depend on density.
A recent calculation [77] raises the possibility of a large enhancement of the coupling as the
density rises, which would lead to shorter mean free paths at higher densities.
Future inclusion of axions in merger simulations should be done consistently. The axion
opacity should be calculated using the same nuclear equation of state used in the merger
simulation itself [78, 79], and the nucleon effective mass should be taken into account as
discussed in Sec. 3.1. This parallels the improvements of the neutrino transport in supernovae
and merger simulations over the past couple of decades [80–85].
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A Axion emissivity integrals
Below, we detail a series of approximations for the axion emissivity, Eq. (4.4).
A.1 Relativistic, constant-matrix-element phase space integration
The phase space integral Eq. (4.4) can be done if we make the approximation of a momentum-
independent matrix element [Eq. (3.2)]. The resulting emissivity will be valid at arbitrary
neutron degeneracy and arbitrary degree of relativistic nature of the neutrons. In the constant-
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matrix element approximation the axion emissivity is
Q =
(
1− β
3
)
f4m4nG
2
an
256pi11m4pi
(
1 +
m2pi
k2typ
)−2
(A.1)
×
∫
d3p1 d
3p2 d
3p3 d
3p4 d
3ω δ4(p1 + p2 − p3 − p4 − ω)f1f2(1− f3)(1− f4)
E∗1E∗2E∗3E∗4
.
The zeroth component of the delta function can be written as δ(E∗1 +E∗2 −E∗3 −E∗4 −ω)
since the neutron mean fields Un cancel out. This integral can be broken up into 2 subsystems
A and B which exchange some 4-momentum q, which is integrated over (a similar approach
was used by [86] in a different context). Thus,
Q =
(
1− β
3
)
f4m4nG
2
an
256pi11m4pi
(
1 +
m2pi
k2typ
)−2 ∫
d4q A(q0, q)B(q0, q) (A.2)
where
A(q0, q) =
∫
d3p1 d
3p2 δ
4(p1 + p2 − q) f1f2
E∗1E∗2
(A.3)
and
B(q0, q) =
∫
d3p3 d
3p4 d
3ω δ4(q − p3 − p4 − ω)(1− f3)(1− f4)
E∗3E∗4
. (A.4)
Then we split A and B up into subsystem with 4-momentum transfers k and l
A(q0, q) =
∫
d4k I1(k0, k)I2(k0, k) (A.5)
B(q0, q) =
∫
d4l I3(l0, l)I4(l0, l) (A.6)
where we define and compute
I1 ≡
∫
d3p1 δ
4(p1 + k)
f1
E∗1
=
δ(k0 +
√
k2 +m2∗)√
k2 +m2∗(1 + e(
√
k2+m2∗−µ∗n)/T )
(A.7)
I2 ≡
∫
d3p2 δ
4(p2 − q − k) f2
E∗2
=
δ(
√
m2∗ + (q + k)2 − q0 − k0)√
m2∗ + (q + k)2(1 + e(
√
m2∗+(q+k)2−µ∗n)/T )
(A.8)
I3 ≡
∫
d3p3 δ
4(q − p3 − l)(1− f3)
E∗3
=
δ(q0 − l0 −
√
m2∗ + (q− l)2)√
m2∗ + (q− l)2(1 + e−(
√
m2∗+(q−l)2)−µ∗n)/T )
(A.9)
I4 ≡
∫
d3p4 d
3ω δ4(l − p4 − ω)(1− f4)
E∗4
=
2pi
l
∫ ω+
ω−
dω
ω
1 + e−(l0−ω−µ∗n)/T
θ(l20 − l2 −m2∗),
(A.10)
where
ω− =
l20 − l2 −m2∗
2(l0 + l)
(A.11)
ω+ =
l20 − l2 −m2∗
2(l0 − l) . (A.12)
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We can now calculate A(q) and B(q) using Eq. (A.5) and (A.6). We find
A(q0, q) =
2pi
q
∫ √q20−m2∗
0
dk
k(q0 −
√
k2 +m2∗)√
k2 +m2∗
√
k2 +m2∗ + q20 − 2q0
√
k2 +m2∗
(A.13)
× θ(2kq − |q
2
0 − q2 − 2q0
√
k2 +m2∗|)
(1 + e(
√
k2+m2∗−µ∗n)/T )(1 + e(
√
k2+m2∗+q20−2q0
√
k2+m2∗−µ∗n)/T )
and
B(q0, q) =
4pi2
q
∫ q0
m
dl0
∫ √l20−m2∗
0
dl
θ(2ql − |m2∗ + q2 + l2 − q20 − l20 + 2q0l0|)
1 + e−(q0−l0−µ∗n)/T
×
∫ ω+
ω−
dω
ω
1 + e−(l0−ω−µ∗n)/T
.
(A.14)
Thus, the full expression for the emissivity is
Q =
(
1− β
3
)
f4m4nG
2
an
8pi7m4pi
(
1 +
m2pi
k2typ
)−2 ∫ ∞
m∗
dq0
∫ ∞
0
dq
∫ √q20−m2∗
0
dk
∫ q0
m∗
dl0
∫ √l20−m2∗
0
dl
∫ ω+(l0,l)
ω−(l0,l)
dω
× kω(q0 −
√
k2 +m2∗)
θ(2kq − |q20 − q2 − 2q0
√
k2 +m2∗|)θ(2ql − |m2∗ + q2 + l2 − q20 − l20 + 2q0l0|)√
k2 +m2∗
√
k2 +m2∗ + q20 − 2q0
√
k2 +m2∗
(A.15)
× 1
(1 + e(
√
k2+m2∗−µ∗n)/T )(1 + e(
√
k2+m2∗+q20−2q0
√
k2+m2∗−µ∗n)/T )(1 + e−(q0−l0−µ∗n)/T )(1 + e−(l0−ω−µ∗n)/T )
.
This six-dimensional integral can be done numerically in Mathematica.
A.2 Non-relativistic phase space integration
The axion emissivity [Eq. (4.4)] can be computed assuming non-relativistic neutrons. In this
case, it is possible to keep the full momentum-dependence of the matrix element [Eq. (2.1)].
However, the axion 3-momentum is neglected in the 3-momentum conserving delta function.
Calculations similar to this have been done in the literature, mostly for non-degenerate nu-
cleons [25, 68, 74, 87, 88]. The full calculation of the axion emissivity with non-relativistic
neutrons and at arbitrary degeneracy has been done recently by [89]. Here we will apply this
calculation to neutrons described by the NLρ EoS, that is, neutrons with dispersion relation
given by Eq. (2.5). We will do the calculation for arbitrary degeneracy, using Fermi-Dirac
factors instead of a Maxwell-Boltzmann distribution. In the nonrelativistic approximation,
E − µn = E∗ − µ∗n ≈ m∗ + p2/(2m∗) − µ∗ = p2/(2m∗) − (µ∗ −m∗) ≡ p2/(2m∗) − µˆ, where
µˆ ≡ µ∗ −m∗ is the non-relativistic definition of the chemical potential.
Starting with Eq. (4.4), we neglect the axion three-momentum in the three-dimensional
delta function and we set the neutron energy E∗ = m∗, in the factor (25E1E2E3E4ω)−1 as is
conventional [88], as it often simplifies the integration. Converting the integral over the axion
momentum to spherical coordinates and doing the trivial integral over the axion momentum
solid angle, we obtain
Qa =
1
96pi10
f4m4nG
2
an
m4pim
3∗
∫
d3p1 d
3p2 d
3p3 d
3p4
∫ ∞
0
dω ω2δ(p21 + p
2
2 − p23 − p24 − 2m∗ω)δ3(p1 + p2 − p3 − p4)
× f1f2(1− f3)(1− f4)
[
k4
(k2 +m2pi)
2 +
l4
(l2 +m2pi)
2 +
k2l2 − 3 (k · l)2
(k2 +m2pi) (l
2 +m2pi)
]
. (A.16)
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Now we define a new coordinate system, p+ = (p1 + p2)/2, p− = (p1 − p2)/2, a = p3 − p+,
b = p4 − p+, which has Jacobian d3p1 d3p2 d3p3 d3p4 = 8 d3p+ d3p− d3a d3b. The three-
dimensional delta function becomes δ3(a + b), so we integrate over the three-momentum b
and then over the axion energy ω, using the delta function (which became δ(p2−−a2−m∗ω)).
We are now left with an integral over the three-vectors p+, p−, and a, so we choose a co-
ordinate system where a = a(0, 0, 1), p− = p−(
√
1− r2, 0, r), and p+ = p+(
√
1− s2 cosφ,√1− s2 sinφ, s).
Now, k2 = p2− + a2 − 2p−ar, l2 = p2− + a2 + 2p−ar, k · l = p2− − a2, p21 = p2+ + p2− +
2p+p−(
√
1− r2√1− s2 cosφ+ rs), p22 = p2+ + p2− − 2p+p−(
√
1− r2√1− s2 cosφ+ rs), p23 =
p2+ + a
2 + 2p+as, and p24 = p2+ + a2 − 2p+as.
Now we can integrate over the three trivial angles, giving a factor of 8pi2, leaving us
with a six-dimensional integral that we simplify with the coordinate transformations u =
p2+/(2m∗T ), v = p2−/(2m∗T ), w = a2/(2m∗T ), and we define yˆ = µˆ/T . Thus the key
variables in the emissivity expression become
k2 = 2m∗T (v + w − 2
√
vwr)
l2 = 2m∗T (v + w + 2
√
vwr)
k · l = 2m∗T (v − w)
β(E1 − µn) = −yˆ + u+ v + 2
√
uv(
√
1− r2
√
1− s2 cosφ+ rs) (A.17)
β(E2 − µn) = −yˆ + u+ v − 2
√
uv(
√
1− r2
√
1− s2 cosφ+ rs)
β(E3 − µn) = −yˆ + u+ w + 2
√
uws
β(E4 − µn) = −yˆ + u+ w − 2
√
uws.
and the axion emissivity is
Q =
32
√
2
3pi8
f4m4nG
2
an
m4pi
m
1/2
∗ T 6.5
∫ ∞
0
du dv
∫ v
0
dw
∫ 1
−1
dr ds
∫ 2pi
0
dφu1/2v3/2w3/2(v − w)2
×
(
α4
(
r2 + 3
)− 6α2 (r2 − 1) (v + w)− 3 (r2 − 1) (2 (1− 2r2) vw + v2 + w2))(
2w (α2 − 2r2v + v) + (α2 + v)2 + w2
)2
×
(
(1 + eβ(E1−µn))(1 + eβ(E2−µn))(1 + e−β(E3−µn))(1 + e−β(E4−µn))
)−1
, (A.18)
where α = mpi/
√
2m∗T . This integral can be done numerically.
A.3 Fermi surface approximation and its improvement
In nuclear matter, to good approximation the dominant contribution to a process involving
degenerate fermions will be from those fermions near their Fermi surface. Since calculations
of the full phase space integral are often not possible, and almost always result in an integral
that must be done numerically, the calculations of the mean free path, rate, and emissivity
are almost always done via the Fermi surface approximation, which we describe below.
In the Fermi surface approximation, the phase space integral (like in Eq. (3.1) and (4.4))
is converted into spherical coordinates for each momentum-three vector and then broken
up (termed “phase space decomposition” [50]) into an angular integral A and an integral J
over momentum magnitudes (equivalently, energies). In the angular integral, the fermion
momentum magnitudes are set equal to their respective Fermi momenta, while in the energy
integral, the energies are integrated over, consistent with thermal blurring of the Fermi surface
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(although inconsistent with the momenta magnitudes in the angular integral, which were not
allowed to vary above or below the Fermi surface).
The emissivity due to axion emission via n + n → n + n + a is given by Eq. (4.4). We
again neglect the axion 3-momentum in the momentum-conserving delta function and then
multiply by one in the form
1 =
∫ ∞
0
dp1 dp2 dp3 dp4 δ(p1 − pFn)δ(p2 − pFn)δ(p3 − pFn)δ(p4 − pFn)
=
1
p4Fn
∫ ∞
m∗+Un
dE1 dE2 dE3 dE4E
∗
1E
∗
2E
∗
3E
∗
4δ(p1 − pFn)δ(p2 − pFn)δ(p3 − pFn)δ(p4 − pFn),
(A.19)
where we have used dE = (p/E∗) dp as can be seen from the neutron dispersion relation
Eq. (2.5). We perform phase space decomposition, obtaining
QFS =
1
768pi11
G2anf
4m4n
m4pip
4
Fn
A(pFn)J2(T, yˆ). (A.20)
The angular integral A is
A(pFn) =
∫
d3p1 d
3p2 d
3p3 d
3p4 δ(p1 − pFn)δ(p2 − pFn)δ(p3 − pFn)δ(p4 − pFn)δ3(p1 + p2 − p3 − p4)
×
 k4(k2 +m2pi)2 + l
4
(l2 +m2pi)
2 +
k2l2
(
1− 3
(
kˆ · lˆ
)2)
(k2 +m2pi) (l
2 +m2pi)
 = 32pi3p5FnF (y), (A.21)
where F (y) is given in Eq. (3.4). The energy integral is
J2(T ) =
∫
d3ω
∫ ∞
m∗+Un
dE1 dE2 dE3 dE4 δ(E1+E2−E3−E4−ω)f1f2(1−f3)(1−f4). (A.22)
The energy integral is evaluated by changing to dimensionless variables centered at the Fermi
energy xi = (Ei−µn)/T , and then to variables u = x1+x2 and v = x1−x2 and so Eq. (A.22)
becomes
J2(T, yˆ) ≡ T 3
∫
d3ω
∫ ∞
−yˆ
dx1 dx2 dx3 dx4
δ(x1 + x2 − x3 − x4 − ω/T )
(1 + ex1)(1 + ex2)(1 + e−x3)(1 + e−x4)
= 8piT 6
∫ ∞
−yˆ
dx1 dx2
∫ x1+x2+2yˆ
0
dz z2
ln
(
cosh ((x1+x2−z+yˆ)/2)
cosh (yˆ/2)
)
(1 + ex1)(1 + ex2)(1− ez−x1−x2)
= 16piT 6
∫ ∞
−2yˆ
du
1
1− eu ln
{
cosh (yˆ/2)
cosh [(u+ yˆ)/2]
}∫ u+2yˆ
0
dw
w2
1− ew−u ln
{
cosh [(u+ yˆ − w)/2]
cosh (yˆ/2)
}
(A.23)
= 16piT 6K2(yˆ)
where yˆ = (µ∗n − m∗)/T and K2(yˆ) is given in Eq. (4.7). For strongly degenerate nuclear
matter (yˆ →∞),
K2(yˆ →∞) = 31
1890
pi6. (A.24)
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Figure 7. Comparison of several approximations of the axion emissivity, including the FS approxi-
mation [Eq. (4.5)] (red, dashed), our improvement to the FS approximation [Eq. (4.6)] (blue, dotted),
the non-relativistic phase space integral [Eq. (A.18)] (green, dash-dotted), and the fully relativistic
phase space integral (with constant matrix element) [Eq. (A.15)] (black, solid) at densities of 1n0 (a)
and 7n0 (b). The axion-neutron coupling is chosen to be Gan = GSN1987A.
A.4 Comparison of emissivity expressions
In Fig. 7 we compare various approximations of the axion emissivity, namely, the FS approxi-
mation [Eq. (4.5)], our improvement to the FS approximation [Eq. (4.6)], the non-relativistic
phase space integral [Eq. (A.18)], and the fully relativistic phase space integral3 (with constant
matrix element) [Eq. (A.15)]. We see that at 1n0, at low temperature the approximations all
agree. Here the neutrons are degenerate, which explains the success of the FS approxima-
tion, and the neutrons are indeed nonrelativistic because their Fermi momentum is not yet
large, which explains the success of the nonrelativistic approximation. As the temperature
increases, the neutrons become non-degenerate and so the FS approximation fails dramati-
cally. The improved treatment of the FS approximation does better than the original, but
still fails at temperatures above 40-50 MeV. The NR approximation fails at high temperature
because it neglects the axion momentum in the 3d delta function (at T = 100 MeV, the axion
spectrum peaks at ω = 300 MeV, which is not negligible compared to the neutron Fermi
momentum of 320 MeV). At 7n0, the neutrons are always degenerate, and thus the Fermi
surface approximation and its improvement match the full phase space integral quite well.
The non-relativistic phase space integral doesn’t match as well because the approximation
E∗ ≈ m∗ in the denominator of the phase space integral becomes a very poor approximation
as the effective mass dwindles to around 250 MeV at this high density.
B Axion mean free path integrals
Below, we detail a series of approximations for the axion mean free path, Eq. (3.1).
3In the fully relativistic phase space integral, we choose two values of ktyp: k2typ = 3m∗T and also k2typ = p2Fn
as upper and lower bounds, marked “ND” and “D” respectively in Fig. 7.
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B.1 Relativistic, constant-matrix-element phase space integration
Following the same procedure as for the emissivity full phase space integral, we can do the
full phase space integration of the axion mean free path (with the same approximation of a
constant matrix element) and we obtain
λ−1 =
(
1− β
3
)
f4m4nG
2
an
4pi5m4piω
(
1 +
m2pi
k2typ
)−2 ∫ ∞
m∗
dq0
∫ ∞
0
dq
∫ 1
−1
dr
∫ √(q0+ω)2−m2∗
0
dx
∫ √q20−m2∗
0
dk
× kqx(q0 −
√
k2 +m2∗)θ(2kq − |q20 − q2 − 2q0
√
k2 +m2∗|)√
x2 +m2∗
√
k2 +m2∗
√
ω2 + q2 + 2ωqr
√
k2 +m2∗ + q20 − 2q0
√
k2 +m2∗(1 + e(
√
k2+m2∗−µ∗n)/T )
(B.1)
× θ(2x
√
ω2 + q2 + 2ωqr − |q2 + 2ωqr − q20 − 2q0ω + 2(q0 + ω)
√
x2 +m2∗|)
(1 + e(
√
k2+m2∗+q20−2q0
√
k2+m2∗−µ∗n)/T )(1 + e−(
√
x2+m2∗−µ∗n)/T )(1 + e−(ω+q0−
√
x2+m2∗−µ∗n)/T )
.
B.2 Non-relativistic phase space integration
The axion mean free path [Eq. (3.1)] can be computed assuming non-relativistic neutrons. A
similar calculation (for nondegenerate neutrons) has been done in [20, 87] and was extended
to arbitrary degeneracy in [89]. We start with Eq. (3.1), keeping the matrix element as
momentum-dependent and thus inside the integral. We use the nonrelativistic (quadratic)
approximation for the neutron dispersion relations except in the four energy denominators
where E∗ = m∗, just as in the emissivity calculation. We obtain
λ−1a =
1
48pi8
f4m4nG
2
an
m4piωm
3∗
∫
d3p1 d
3p2 d
3p3 d
3p4 δ(p
2
1 + p
2
2 − p23 − p24 + 2m∗ω)δ3(p1 + p2 − p3 − p4)
× f1f2(1− f3)(1− f4)
[
k4
(k2 +m2pi)
2 +
l4
(l2 +m2pi)
2 +
k2l2 − 3 (k · l)2
(k2 +m2pi) (l
2 +m2pi)
]
. (B.2)
Just as in the emissivity calculation, we transform coordinates to {p+,p−,a,b}, picking up a
factor of 8 from the Jacobian, and then we integrate over b, using the three-dimensional delta
function δ3(a + b). We choose the same coordinate system as in the emissivity calculation
(Appendix A.2), aligning the “z” axis along the a three-momentum vector. We integrate over
the 3 trivial angles and then use the energy delta function to integrate over a. Then we
create nondimensional variables u = p2+/(2m∗T ) and v = p2−/(2m∗T ), and define yˆ = µˆ/T =
(µ∗ −m∗)/T as in the emissivity calculation. We also define γ = ω/(2T ).
k2 = 2m∗T (2v + γ − 2
√
v
√
v + γr)
l2 = 2m∗T (2v + γ + 2
√
v
√
v + γr)
k · l = −m∗ω
β(E1 − µn) = −yˆ + u+ v + 2
√
uv(
√
1− r2
√
1− s2 cosφ+ rs) (B.3)
β(E2 − µn) = −yˆ + u+ v − 2
√
uv(
√
1− r2
√
1− s2 cosφ+ rs)
β(E3 − µn) = −yˆ + u+ v + γ + 2
√
u
√
v + γs
β(E4 − µn) = −yˆ + u+ v + γ − 2
√
u
√
v + γs.
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We find that
λ−1 =
8
√
2
3pi6
f4m4nG
2
an
m4piω
m
1/2
∗ T 3.5
∫ ∞
0
du dv
∫ 1
−1
dr ds
∫ 2pi
0
dφu1/2v3/2(v + γ)3/2 (B.4)
× α
4
(
r2 + 3
)− 6α2 (r2 − 1) (γ + 2v) + 3 (r2 − 1) (−γ2 + 4γ (r2 − 1) v + 4 (r2 − 1) v2)(
4v (α2 − γr2 + γ) + (α2 + γ)2 − 4 (r2 − 1) v2
)2 .
×
(
(1 + eβ(E1−µn))(1 + eβ(E2−µn))(1 + e−β(E3−µn))(1 + e−β(E4−µn))
)−1
.
B.3 Fermi surface approximation and its improvement
The mean free path of an axion due to the process n+ n+ a→ n+ n is given by Eq. (3.1).
We neglect the 3-momentum of the axion in the momentum-conserving delta function, and
then multiply by one in the form Eq. (A.19). Then we perform phase space decomposition,
splitting the integral into integral expressions A and J1
λ−1 =
f4G2anm
4
n
96pi8ωm4pip
4
Fn
A(pFn)J1(ω, T, yˆ), (B.5)
The angular integral is the same as for the emissivity calculation (see Eq. (A.21)) and the
energy integral is
J1(ω, T, yˆ) =
∫ ∞
m∗+Un
dE1 dE2 dE3 dE4 δ(E1 +E2 −E3 −E4 + ω)f1f2(1− f3)(1− f4). (B.6)
The energy integral is evaluated by changing to dimensionless variables centered at the Fermi
energy xi = (Ei−µn)/T , and then to variables u = x1 +x2 and v = x1−x2 and so Eq. (B.6)
becomes
J1(ω, T, yˆ) ≡ T 3
∫ ∞
−yˆ
dx1 dx2 dx3 dx4
δ(x1 + x2 − x3 − x4 + ω/T )
(1 + ex1)(1 + ex2)(1 + e−x3)(1 + e−x4)
= 2T 3
∫ ∞
−yˆ
dx1 dx2
ln
(
cosh ((x1+x2+ω/T+yˆ)/2)
cosh (yˆ/2)
)
(1 + ex1)(1 + ex2)(1− e−x1−x2−ω/T )
= 4T 3K1(yˆ, ω/T ), (B.7)
where yˆ = (µ∗n−m∗)/T and K1(yˆ, ω/T ) is given in Eq. (3.6). In the literature, it is standard
to consider strongly degenerate nuclear matter where yˆ →∞ and so
K1(yˆ →∞, ω/T ) =
(
ω/T
24
)
(ω/T )2 + 4pi2
1− e−ω/T , (B.8)
and we arrive at the formula for the axion mean free path in strongly degenerate nuclear
matter, Eq. (3.3). In semi-degenerate matter, the improved FS approximation yields Eq. (3.5)
for the axion mean free path.
B.4 Comparison of MFP expressions
In Fig. 8 we compare different approximations for the axion mean free path, namely, the FS
approximation [Eq. (3.3)], our improvement to the FS approximation [Eq. (3.5)], the non-
relativistic phase space integral [Eq. (B.4)], and the fully relativistic phase space integral4
(with constant matrix element) [Eq. (B.1)].
4In the fully relativistic phase space integral, we choose two values of ktyp: k2typ = 3m∗T and also k2typ = p2Fn
as upper and lower bounds, marked “ND” and “D” respectively in Fig. 8.
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Figure 8. Comparison of the various approximations of the axion MFP including the FS approxima-
tion [Eq. (3.3)] (red, dashed), our improvement to the FS approximation [Eq. (3.5)] (blue, dotted), the
non-relativistic phase space integral [Eq. (B.4)] (green, dash-dotted), and the fully relativistic phase
space integral (with constant matrix element) [Eq. (B.1)] (black, solid) at densities of 1n0 (a) and 7n0
(b). The axion-neutron coupling is chosen to be Gan = GSN1987A.
We see in Fig. 8 that at 1n0, at low temperature the approximations all agree (though
the nonrelativistic phase space integral deviates slightly from the rest, because of the approx-
imation in the energy denominators E∗ ≈ m∗, which shows up more in this figure than in
Fig. 7 because of the difference in y-axis scales). At saturation density and low tempera-
ture, neutrons are degenerate, which explains the success of the FS approximation, and the
neutrons are indeed nonrelativistic because their Fermi momentum is not yet large, which
explains the success of the nonrelativistic approximation. As the temperature increases, the
neutrons become non-degenerate and so the FS approximation fails dramatically. The im-
proved treatment of the FS approximation does better than the original, but still fails at
temperatures above about 40 MeV. The NR approximation fails at high temperature because
it neglects the axion momentum in the 3d delta function (again, at T = 100 MeV, the axion
spectrum peaks at ω = 300 MeV, which is not negligible compared the neutron Fermi mo-
mentum of 320 MeV). At 7n0, the neutrons are always degenerate, and thus the Fermi surface
approximation and its improvement match the full phase space integral quite well. Again,
the non-relativistic phase space integral doesn’t match as well because the approximation
E∗ ≈ m∗ in the denominator of the phase space integral becomes a very poor approximation
as the effective mass dwindles to around 250 MeV.
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Figure 9. Curve fit plotted over the integral K1(yˆ, ω/T = 3). The bottom panels show the error of
the curve fit. The curve fit is only valid for yˆ & 0.
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Figure 10. Plot of the curve fit K1(yˆ = 5, ω/T ) on top of the exact evaluation. The error is plotted
in the lower panel. This fit is valid for 0 < ω/T . 20.
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Figure 11. Curve fit plotted over the integral K2(yˆ). The bottom panels show the error of the curve
fit. The curve fit is only valid for yˆ & 0.
C Curve fits
The integrals K1(yˆ, ω/T ) [Eq. (3.6)] and K2(yˆ) [Eq. (4.7)] can be fit to functions proportional
to Fermi-Dirac factors with arguments yˆ. We find
K1(yˆ, ω/T ) =
K1(yˆ =∞, ω/T )
1 + e−(α−βω/T )(yˆ−γω/T−δ)
(C.1)
α = 0.9322± 0.0012
β = 0.0277± 0.0001
γ = 0.2945± 0.0002
δ = 1.5372± 0.0024
and
K2(T, yˆ) =
K2(T, yˆ =∞)
1 + e−(yˆ−ζ)
(C.2)
 = 0.8032± 0.0087
ζ = 2.7844± 0.0154
Comparisons of the curve fits to the original numerical integrals are found in Figs. 9, 10,
and 11.
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